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Outline Setting Evolving PDEs with Known Solutions
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Goal: solve optimization problems over distributions » \We consider problems of the form min F(p) e Low-dim PDEs w/ analytic (full or asymptotic) solution
. : : : A~ , . PEA(X) . .
Approach: follow gradient flow (GF) of optim. objective * We focug on 3 functional families: 1 e Porous medium equation: 9,p = Ap™,m > 1
o JKO: mlnllelng movement SCheme, d|SCret|ZeS flOW %(p) j— V(X)dp (potential), W(p) —_— E [J W(x - x’)dp ® p 6 Exact Density Flpr(X’t) 6 Density Estimated from FIov:lowﬁt 1ZO_bjectiveVaIueofFIow—Evc;::;e)d Density
* Brenier Theorem allows to write JKO as an optimization (interaction), F(p) = I F(p(x))dx (internal energy) — t-a00003 — hooeos | — o
on the space of convex functions | | - || — s ]
. . * For these functionals, GF converges to unique minimizer | |* 2 s |5
e Our method (JKO-ICNN) implements JKO using Input — g
. Convex Neural Networks (ICNN) ) C Algorithm gist: use JKO iteratively to minimize F ) T 0 IR / | K 1 T
4 B k d G d f F| N\ [ . JKO-ICNN flow tracks true sbiution, distributionally. .. ...and in objective valuel
acrground. taradien OWS From Measures to Convex Functions \. Additional results: Fokker-Planck and Aggregation Egs. y
* GF: stegpest descent curve x(z) of functional F': & — R | |« Under some assumptions, Brenier theorem yields: N
* In Euclidean space X xX'(t) = = VF(x(1)) W(a, (Vu)a) = [ IVu(x) — x||3da, u € CVX(Z) Application: Molecule Discovery
" 6F(p)
« In Probability space L (X): 0,p,=V - (pt 6—p) * olcule SMILES __ AE asee | oo
P * Therefore, JKO scheme can be written as: i
Class PDE 0p = Flow Functional F'(p) = N\ " ol | [ Comew: D
Heat Equation  Ap J p() log p(z) da min  F((Vu)yp/)+- J IV u(x) — xll3dpf Lo — ] — o — &+
Advection V- (pVV) [ V(z)dp(z) ueCVX(I) a R NS OED AMNGtation e
Fokker-Planck  Ap+ V- (pVV) | [)('-1') log p(z) da + [ V(z) dp(x) , Do : . . '
Porous Media  A(p™) + V- (pVV) iy [ p(@)™ de + [V (x)dp(z) N Measures implicitly defined via: p’ , = (Vu/ Du(p)) y e Goal: Transport molecular embeddings to areas with
Adv.+Diff.+Inter.V - [p(V [(p) +VV+ (VIW)#p)] ! Vv l/ ’ I(Il/:<11—jr],<1/f) (l/fm,))(dl) < desirable properties (convex potential V), while staying
L —quivalences between FPDEs and Functional Gradient Fows y From COﬂveX FU ﬂC’[IOﬂS tO |CNN near original set, as measured by divergence D:
« Parametrize CvX via input-convex neural nets (xmos etal 17, min F(p) := A4 E,V(x) + 1,D(p, py)
4 pEP(X)
Bac kg round: JKO Scheme * Problem becomes: 1 , o LR | Vabdiy  Usiquncs  QBD Medin _ Final SD
min F(( VXMQ(X))ﬁptT) + _" ”VXMQ(X) - x||2dpf Q/A N/A | 100.000 £ 0.000  99.980 + 0.045  0.630 + 0.001 N/A
* A tlme dlscretlzathn Of gradlent ﬂOWS In prOb Spa_'C_e_ R . MGGICNN(%) ' . 2T ‘%‘ ' IJ(IEO]CIJXE\Z‘ | 93.940 4+ 0.336  100.000 £ 0.000 0.750 4+ 0.001 0.620 £ 0.010
pt'l‘l E arg mln F(p)-l_ (p pt) T > O I ST@D S‘Ze /I ) Slmple form for pOtentIal/lnteraCtlon funCtIOﬂalS: ' fw@@linge—jGD 43.440 £ 1.092  100.000 £ 0.000 0.772 £ 0.004 9792.93 £+ 76.913
Wal2) | Sty 7 ((Vatghypf) = Epp V(Y ,11y(x)) approdmats L, 5 | mumeim womsomwn oerome sk mne
: » \\asserstein distance | . 1 with finite Buseline - ADAM S T e
° Jordan—KlnderIehrer-Otto (1998) D i W((qug)ﬁpt) = Sy oyt WV tg(X) = Vottg(¥) | corrpies 0 1ot | Goo0LOTH DoUTbEOMS GrE0000 Lo s 0i0n
1 le7! 91.200 £+ 0.539 99.978 + 0.049  0.792 £ 0.005 17.170 £ 0.097
* Implementation requires tractable modeling of measuresj _* Surrogate objectives for certain internal energies L Wit | mwesoin mowtoos owromi oot ool y
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